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We investigate precursors of critical behavior in the quasienergy spectrum due to the dynamical
instability in the kicked top. Using a semiclassical approach, we analytically obtain a logarith-
mic divergence in the density of states, which is analogous to a continuous excited state quantum
phase transition in undriven systems. We propose a protocol to observe the cusp behavior of the
magnetization close to the critical quasienergy.
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The emerging field of excited state quantum phase
transitions (ESQPTs) describes the nonanalytical behav-
ior of excited states upon changes of parameters in the
Hamiltonian [1–3]. This is in direct correspondence to
quantum phase transitions (QPTs) [4], but takes place
at critical energies above the ground state energy [5].
They entail dramatic dynamic consequences, e.g., envi-
ronments with ESQPTs lead to enhanced decoherence,
which could be a major drawback for building a quan-
tum computer [6]. They appear in models of nuclear
physics, such as the interacting Boson model [7, 8] and
the Lipkin-Meshkov-Glick model (LMG) [9]. In molecu-
lar physics, singularities of the density of states (DOS)
arise in the vibron model [10], which are closely related
to the monodromy in molecular bending degrees of free-
dom [11]. ESQPTs have been predicted to occur in
prominent models of quantum optics such as the Dicke
and Jaynes-Cummings models [12, 13], too.
Despite the striking observation of the QPT in the
Dicke and the LMG model [14, 15], ESQPTs have so
far not been found experimentally for systems different
to molecular ones, as the energies at which they occur
are difficult to reach with standard techniques. Recently,
however, the observation of low-energy singularities of
the DOS in twisted graphene layers [16], and monodromy
in diverse molecules [11], has opened an increasing inter-
est in the experimental investigation of spectral singular-
ities.
Quantum critical behavior is usually defined with re-
spect to system energies [4]. Under the effect of a nona-
diabatic external control the energy is not conserved and
it is not possible to uniquely define a ground state and
the corresponding excited states. In this paper we make
use of Floquet theory to introduce the concept of criti-
cal quasienergy states (CQS), which are a direct gener-
alization of ESQPTs to driven quantum systems. Our
model of choice is a paradigmatic model in the quan-
tum chaos community: the kicked top. Quantum kicked
systems play a prominent role in the investigation of
quantum signatures of chaos and have intriguing rela-
tions to condensed matter systems [17]. Examples of
these relations are the metal-supermetal [18] and metal-
topological-insulator [19] QPTs in the kicked rotator,
which can be thought of as a limiting case of the kicked
top. Such a limit is established when the top is restricted
to evolve along a small equatorial band, which is topo-
logically equivalent to a cylinder [17].
We are motivated by a recent experimental realiza-
tion of the kicked top with driven ultra-cold Cesium-
atoms [21, 22]. The large body of previous work on the
kicked top is mostly focused on aspects of chaotic dynam-
ics [23–27]. Contrary to this, our approach is strictly
limited to the regular regime, taking advantage of the
well-known level clustering [17].
We show that in this regime, the kicked top can be de-
scribed by means of a time-independent effective Hamil-
tonian, which allows one to study the dynamical insta-
bilities leading to CQS. Signatures of CQS then appear
in the density of quasienergy states (DOQS), and the
transverse magnetization.
Model and method.— We consider the Hamiltonian
for the kicked top [23, 24]
Hˆ(t) = pJx
∞∑
n=−∞
δ(t− nT ) + κ
2jT
J2z , (1)
where Jν with ν ∈ {x, y, z,±} denote collective angu-
lar momentum operators with total angular momentum
j. The time dependent term in the Hamiltonian (1) de-
scribes a rotation along the x-axis, which acts strobo-
scopically with strength p. The second term describes a
twisting with strength κ, i.e., a rotation where the angle
depends on the state of the system [23, 24].
As the Hamiltonian (1) is periodic in time, it is con-
venient to use Floquet theory [28–30]. The Floquet op-
erator Fˆ = Uˆ(T ) is defined as the evolution operator
after one period T = 2pi/ω of the external driving. The
Floquet modes |Φα(t)〉 = |Φα(t+ T )〉 satisfy the eigen-
value problem Fˆ |Φα(0)〉 = e−iεαT |Φα(0)〉, where εα are
the quasienergies. These are not unique as there are
equivalent states |Φα,n(0)〉 = einωT |Φα(0)〉, such that
Fˆ |Φα,n(0)〉 = e−iεα,nT |Φα,n(0)〉, with εα,n = εα + nω
and n ∈ Z. In what follows, we consider the quasiener-
gies in the first Brillouin zone defined by −ω/2 ≤ εα ≤
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FIG. 1. (color online). (a) Exact quasienergy spectrum (black
lines) and the eigenvalues of the effective Hamiltonian (red,
open circles) as a function of κ for j = 5. (b) Zoom into the
regime κ 1 [dashed vertical line in Fig. 1 a)] for j = 40. The
red, vertical line denotes the value of κ used in Figure 2. Fea-
tures are marked by C (clustering) and DM (discontinuity),
see main text. The parameters are p = 0.1 and T = 1.
ω/2 [28–30]. Without loss of generality we choose T = 1
throughout the paper.
Since within one period the system evolves under free
evolution followed by an impulsive force, the Floquet op-
erator for the Hamiltonian (1) reads
Fˆ = e−ipJxe−i(κ/2j)J2z . (2)
Motivated by Eq. (2), we construct an effective Hamil-
tonian HˆE such that Fˆ = e−iHˆE = e−pBˆe−Aˆ, with
Aˆ = i κ2jJ
2
z and Bˆ = iJx. We use the Baker-Campbell-
Hausdorff (BCH) formula in the regime p  1 to con-
struct HˆE ≈ −iAˆ + ip adAˆexp[−adAˆ]−1 Bˆ, where adXˆ Yˆ =
[Xˆ, Yˆ ] is the adjoint representation of the angular mo-
mentum algebra [31]. One can analytically calculate the
nth power of the adjoint action of Aˆ on Bˆ
(adAˆ)
nBˆ =
1
2
(
i
κ
2j
)n
[J+(2Jz + 1)]
n
+ H.c , (3)
which allows us to construct
HˆE =
κ
2j
J2z +
p
2
[ −i κ2jJ+(2Jz + 1)
exp(−i κ2j (2Jz + 1))− 1
+ H.c
]
(4)
by using zez−1 =
∑∞
n=0Bn
zn
n! , where Bn are the Bernoulli
numbers [31]. The Floquet modes |Φα(0)〉 are eigen-
vectors of (4), HˆE |Φα(0)〉 = Eα |Φα(0)〉. Correspond-
ingly, the eigenvalues {Eα} of HˆE are unfolded quasiener-
gies, which approximate the genuine quasienergies {εα}
when they are mapped into the first Brillouin zone, i.e.,
εα = Eα mod ω. By using HˆE we approximate the non-
integrable Floquet operator (2) by an integrable one [17],
leading to crossings in the spectrum of HˆE after fold-
ing. Our exact numerical results show that for states in
one symmetry multiplet, the apparent crossings in the
quasienergy spectrum are instead anticrossings [31]. In
the regime p ∼ κ  1, the anticrossings are neglectable
compared with the mean level spacing and the effective
Hamiltonian is a good approximation to describe the
stroboscopic dynamics [31]. To stay in a valid param-
eter regime we will consider a kick-strength of p = 0.1
and κ 1 for the remainder of the paper.
Figure 1 a) shows the excellent agreement between the
eigenvalues of HˆE and the exact quasienergy spectrum.
However, when the system approaches the chaotic regime
for κ  1, the approximation is not valid anymore. In
a basis such that Jz |j,m〉 = m |j,m〉, HˆE then has sin-
gularities in the nondiagonal matrix elements at values
κ(2m+ 1) = 4jlpi, for l ∈ Z.
Spectral signatures of the CQS .— For undriven mod-
els the hallmark of a second order ESQPT is the ex-
istence of logarithmic divergences in the DOS, which
arise due to saddle points of semiclassical energy land-
scapes [2, 8, 9, 13]. As a first test whether similar signa-
tures can be found for driven models, Fig. 1 b) shows the
quasienergy spectrum obtained numerically from Hamil-
tonian (1) in the regular regime. For κ > p = 0.1, a level
clustering, marked by C, is visible around the critical
quasienergy εST = jp mod ω ≈ −2.283.
In addition, a discontinuity of the DOQS is marked by
DM , which arise due the confinement of the quasienergies
to the first Brillouin zone.
In the regular regime p ∼ κ  1, the semiclassical
version of Hamiltonian (1) exhibits a dynamical insta-
blity [17, 23, 24]. This occurs when a stable fixed point
for κ < p becomes unstable at κ = p, and two new stable
fixed points arise for κ > p. The level clustering in Fig. 1
b) is a quantum signature of the dynamical instablity,
and gives rise to the CQS with critical quasienergy εS .
In the following we derive analytic expressions for the
DOQS, the logarithmic divergence and the magnitude of
the discontinuity.
The density of quasienergy states.— Following a
method similar to Ref. [24], one obtains the DOQS in
terms of the traces tn = trFˆn of the Floquet operator Fˆ
in Eq. (2),
ρ(ε) =
1
2pi
+
1
pi(2j + 1)
Re
[ ∞∑
n=1
tne
inε
]
. (5)
See supplemental informations online for some interme-
diate steps of the full derivation [32].
By using spin coherent states |γ〉 [33], the traces are
given by an integral over the Bloch sphere
tn =
2j + 1
pi
∫
d2γ
(1 + γγ∗)2
e−injEG(γ,γ
∗) , (6)
3where EG(γ, γ
∗) ≡ 1j 〈γ| HˆE |γ〉 is the semiclassical
quasienergy landscape (QEL), which allows to describe
the dynamical instability.
For a large total angular momentum j  1, the QEL in
Cartesian coordinates is obtained by replacing the com-
muting variables R = (X,Y, Z) = (Jx/j, Jy/j, Jz/j) in
Eq. (4), as follows
EG(R) =
HˆE
j
=
κ
2
Z2 +
κpZ
2
[
X cot
(
κZ
2
)
− Y
]
. (7)
A transformation to stereographic coordinates γ = u+iv
can be obtained via (X,Y, Z) =
(
1−γγ∗
1+γγ∗ ,
2Imγ
1+γγ∗ ,
−2Reγ
1+γγ∗
)
.
In these coordinates, we denote the critical points Rc
of the QEL by γc = uc + ivc, where c denotes the dif-
ferent critical points. In the regime κ < p, the QEL
exhibits a minimum m and a maximum M (c ∈ C1 =
{m,M}), while for κ > p the QEL exhibits a mini-
mum m, a saddle point S and two maxima M1 and M2
(c ∈ C2 = {m,S,M1,M2}). Similarly, we define unfolded
critical quasienergies associated with the critical points
as Ec = jEG(Rc).
In the limit j  1, we invoke the stationary-phase
approximation [17, 24] to calculate the integral Eq. (6).
The DOQS is thus a sum over the critical points
ρ(ε) =
1
2pi
+ Re
 ∑
c∈C1,2
Ac e
iβcpi/4Li1
[
ei(ε−Ec)
] , (8)
where Lir(z) =
∑∞
n=1
zn
nr is the polylogarithm [34]. The
index βc takes the values βM = −βm = 2 at the maxima
and minima respectively, and βS = 0 for the saddle point.
The amplitudes for each critical point Ac are given by
Ac =
2(1 + γcγ
∗
c )
−2
pij
√|det [HEG(γ, γ∗)] |γ=γc , (9)
where HEG(γ, γ
∗) is the Hessian matrix of the QEL of
Eq. (7).
In order to extract the singularities in the DOQS in
the kicked top, we consider the expression for the poly-
logarithm [34]
Li1
(
eiθ
)
= − log
[
2 sin
(
θ
2
)]
+ i
(
pi − θ
2
)
, (10)
where 0 ≤ θ < 2pi. The exponential function in the argu-
ment of the polylogarithm in Eq. (8) maps the unfolded
quasienergies automatically into the first Brillouin zone.
Therefore, in the discussion of the singularities of the
DOQS, we refer to genuine quasienergies.
In the saddle point the index βS vanishes, such that
close to the critical quasienergy εS , we extract the non-
trivial behavior of the DOQS by using the real part of
the expansion of Eq. (10) for small θ
ρ(ε) ≈ −AS log |ε− εS | , (11)
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FIG. 2. (color online). Comparison between the analytical
(solid and dashed curves) and exact numerical results (sym-
bols) for the DOQS (dashed, red) and the integrated DOQS
(solid, black). The behavior is in direct correspondence with
the spectrum along the vertical solid line in Fig. 1 (b). Fea-
tures are marked by C (clustering) and DM,m (discontinu-
ity due to (M)axima and (m)inimum). The parameters are
j = 40, κ = 0.2, p = 0.1, and T = 1.
which indeed reveals a logarithmic divergence. For the
parameters of Fig. 2, AS ≈ 0.0396, which is consistent
with a fit of the numerical result. The effect of the min-
ima and maxima is to create jumps in the density of
states. To study these, one has to take into account that
βM = −βm = 2, which introduces an imaginary unit in
Eq. (8) for each maximum or minimum. Based on this,
we calculate the discontinuity at εm,M by considering the
imaginary part of Eq. (10)
ρ(ε+m,M )− ρ(ε−m,M ) = ±piAm,M +O[ε− εm,M ] , (12)
where ε±m,M denote the limits from the right and from the
left of the critical quasienergies εm,M = Em,M mod ω,
respectively.
In the regime κ < p there is no divergence of the DOQS
as the QEL does not exhibit saddle points and therefore,
there is no dynamical instability. However, the maxima
and minima still generate jumps in the DOQS at εm,M .
In undriven models these jumps would indicate a first
order ESQPT [3]. In our driven model, however, they are
just a consequence of the periodicity of the quasienergies.
Figure 2 shows the comparison between the analyt-
ical result of Eq. (8) and exact numerical calculations
of the DOQS in the regime κ > p. The clustering at
εST ≈ −2.283 is marked by C. The discontinuities due
to the maxima (DM ) and minimum (Dm) of the QEL at
εMT ≈ −1.288 and εmT ≈ 2.283, respectively, have cor-
responding amplitudes of AM = 2Am ≈ 0.046. Even for
a finite size j = 40, the system exhibits precursors of the
logarithmic divergence at εS . To support our findings, we
have incorporated in Fig. 2 the integrated DOQS N(ε),
where the features of the DOQS are visible as a discon-
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FIG. 3. (color online). Numeric scaled magnetization in
the quasienergy eigenstates 〈Jx/j〉α (filled circles), the time-
averaged expectation value 〈Jx/j〉 (solid, dashed lines), and
the semiclassical result X (open triangles, squares), see main
text. Inset I) depicts the paths on the Bloch sphere to per-
form the measurement protocol. The parameters are j = 40,
κ = 0.2, p = 0.1, and T = 1.
tinuous change of slope at the critical quasienergies.
The transverse magnetization.— The CQE are the
natural generalization of ESQPTs to driven quantum sys-
tems. In particular, the CQE in the kicked top also ap-
pears in observables of the system, as they inherit the
singular behavior of the DOQS [9, 13] This is a direct
consequence of the extension of the Hellmann-Feynman
theorem to Floquet theory [30]. For convenience, in the
description of the dependence of observables with respect
to the quasienergies, we restrict ourselves to the unfolded
quasienergies, as they have a natural ordering and resem-
ble the behavior of an effective time independent system.
We now focus on the description of scaled magneti-
zation (SM) in the quasienergy eigenstates 〈Jx/j〉α =
〈Φα(0)| Jx/j |Φα(0)〉, where |Φα(0)〉 is the Floquet mode
with quasienergy Eα. The filled circles in Fig. 3 de-
pict the SM as a function of the mean quasienergies
〈HˆE〉α = Eα. In the regime κ > p, the magnetization
exhibits a cusp at the critical quasienergy ES = jp,
which is a signature of the CQS. A similar behavior
in the SM has been found in undriven LMG-type and
Dicke-type models [2, 12, 13].
Measurement protocol.— To resolve the cusp in the
SM that arises in Fig. 3, we propose a measurement pro-
tocol which relies on the calculation of time averaged ex-
pectation values and is experimentally accessible [15, 21,
22]. To initialize the measurement, we consider a spin co-
herent state |Ψ(0)〉 = |γ(0)〉 = ∑α aα |Φα(0)〉, centered
at γ(0) = u(0) + iv(0) on the Bloch sphere [33]. The
stroboscopic evolution after l kicks is given by |Ψ(l)〉 =
Fˆ l |Ψ(0)〉, such that the time-averaged density operator
after K periods reads ρ = (K + 1)−1
∑K
l=0 |Ψ(l)〉 〈Ψ(l)|.
Correspondingly, the time-averaged expectation value of
an observable Aˆ reads 〈A〉 = tr(ρAˆ).
In our measurement protocol, the semiclassical tra-
jectories defined by jEG(γ, γ
∗) = Eα, where EG is the
QEL of Eq. (7), play a fundamental role. For unfolded
quasienergies below the critical quasienergy ES = jp,
the trajectories are connected, however, when the sys-
tem crosses ES , they become disconnected. Therefore,
initial states centered along the path joining the saddle
(S) with the minimum (m) in the inset I) of Fig. 3, enable
us to calculate the SM for quasienergies Eα < ES [solid,
black curve in Fig. 3]. Correspondingly, the path joining
the saddle (S) with the maximum (M) leads to the re-
construction of the SM for Eα > ES [dashed, blue curve
in Fig. 3]. These initial states are characterized by a low
participation ratio P−1r =
(∑
α |aα|4
)−1
, which implies a
high localization over the basis of Floquet modes [35].
To perform the measurement protocol, we must first
prepare the system in a desired state |Ψ(0)〉 = |γ(0)〉
localized around a Floquet mode with quasienergy Eα,
such that jEG[γ(0), γ
∗(0)] = Eα. Next, we let the
system evolve for a time long compared with the re-
currence time τR ∼ j, dictated by the mean level
spacing of the quasienergy spectrum [23]. Measure-
ments of the stroboscopic evolution during K periods
allow for the construction of the average 〈Jx/j〉 ≈∑
α |aα|2 〈Jx/j〉α ≈ 〈Jx/j〉α. In addition, as the Floquet
mode with quasienergy Eα plays a dominant role in the
dynamics, the average state ρ has a well-defined mean
quasienergy Eα = 〈HE〉, where HˆE is given in Eq. (4).
The solid and dashed curves in Fig. 3 depict the result
of the quantum measurement protocol for K = 700. In
addition, the open symbols depict the time averages of
the classical magnetization X = (K + 1)−1
∑K
l=0X(l),
where X(l) = [1 − γ(l)γ∗(l)]/[1 + γ(l)γ∗(l)]. The point
γ(l) is the classical evolution of the initial condition γ(0)
after l periods [23, 24]. Both the quantum as well as
the classical result exhibit a cusp at the unfolded critical
quasienergy ES , and the measurement protocol is a rea-
sonable approximation to the SM in quasienergy eigen-
states.
Conclusion.— We have shown that signatures anal-
ogous to ESQPTs can be found in driven systems. In
the driven case the CQS arise due to the dynamical in-
stabilities in the system. Since precursors of the CQS
appear already at small system sizes, an experimental
verification of our results could be carried out by means
of setups which realize the kicked top with j = 3 through
the hyperfine structure of driven Cesium atoms [21, 22].
We expect our findings to generalize to a class of driven
systems where an effective semiclassical description is
possible, such as the driven LMG [36] or Dicke model [37].
Points to be addressed in the future are the classification
of CQS by parity [38], the stability of CQS subject to
dissipation and their occurrence in strongly driven sys-
5tems.
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SUPPLEMENTARY INFORMATION FOR “QUANTUM CRITICALITY AND DYNAMICAL
INSTABILITY IN THE KICKED TOP”
Equations in the main paper are denoted by Eq. [*].
6CALCULATION OF THE DENSITY OF QUASIENERGY STATES
Given a system described by a time periodic Hamiltonian Hˆ(t) = Hˆ(t+T ), one can define the density of quasienergy
states (DOQS) as ρ(ε) = M−1
∑
α δ(ε− εα), where εα are the quasienergies and we have assumed a Hilbert space of
dimension M [1]. Now let us consider a new representation of the DOQS, as follows
ρ(ε) =
1
2piM
∑
α
∞∑
n=−∞
e−inεαT einεT =
1
2piM
∞∑
n=−∞
tne
inεT =
1
2pi
+
1
2piM
Re
[ ∞∑
n=1
tne
inεT
]
, (13)
where tn =
∑
α e
−inεαT = trFˆn are traces of powers of the Floquet operator F [1]. Without loss of generality, we will
choose T = 1 in the following.
Now we focus on the calculation of the DOQS of the kicked top Hamiltonian Eq. [1] (see main text) in the limit
j  1, which has a Hilbert space of dimension M = 2j + 1. One can calculate the trace in the basis of spin coherent
states |γ〉
tn = trFˆn = 2j + 1
pi
∫
d2γ
(1 + γγ∗)2
〈γ|Fˆn|γ〉 = 2j + 1
pi
∫
d2γ
(1 + γγ∗)2
e−injEG(γ,γ
∗), (14)
where we have used the definition Fˆ = e−iHˆE of the effective Hamiltonian Eq. [4] in the main paper. The quasienergy
landscape (QEL) in local coordinates reads
EG(γ, γ
∗) =
1
j
〈γ|HˆE |γ〉 = κ
2
Z2 +
κpZ
2
[
X cot
(
κZ
2
)
− Y
]
, (15)
where we use stereographic coordinates [1]
(X,Y, Z) =
(
1− γγ∗
1 + γγ∗
,
2Imγ
1 + γγ∗
,
−2Reγ
1 + γγ∗
)
. (16)
Motivated by the form of the integral representation of the trace tn in Eq. (14), we use the stationary phase approxi-
mation formula for n > 0∫
d2γ
(1 + γγ∗)2
e−injEG(γ,γ
∗) =
∑
c∈C
2pi(1 + γcγ
∗
c )
−2
nj
√|det [HEG(γ, γ∗)] |γ=γc eiβcpi/4e−injEG(γc,γ∗c ), (17)
where HEG(γ, γ
∗) is the Hessian matrix of the QEL of Eq. (15), and γc ∈ C, where C is the set of critical points
that satisfy the conditions ∂EG∂γ |γ=γc = ∂EG∂γ∗ |γ∗=γ∗c = 0. The index βc is the difference in the number of positive and
negative eigenvalues of the Hessian HEG(γc, γ
∗
c ). Therefore, βM = 2 at the maxima and βm = −2 at the minima.
Similarly βS = 0 for a saddle point.
Now we have all the ingredients to evaluate the series in Eq. (13)
∞∑
n=1
tne
inε = (2j + 1)
∑
c∈C
2(1 + γcγ
∗
c )
−2
j
√|det [HEG(γ, γ∗)] |γ=γc eiβcpi/4Li1
[
ei(ε−Ec)
]
, (18)
where Ec = jEG(γc, γ
∗
c ) are the unfolded critical quasienergies, and Li1
[
ei(ε−Ec)
]
=
∑∞
n=1
ein(ε−Ec)
n is given in terms
of the polylogarithm [2]. This recovers Eq. [8] in the main manuscript.
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